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Criteria for Selecting Curves for Fitting to Data
T. J. DYLEWSKI*
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The purpose of curve-fitting is the prediction of future data; thus, criteria should discrimi-
nate strongly in favor of curves having high predictive merit for a given phenomenon. If the
laws of nature pertaining to a phenomenon are known, they should form the basis for choosing
the curve to be fitted. Otherwise, bias is almost sure to exist in the representation of data by
an arbitrary curve. Bias is a systematic discrepancy between the fitted curve and the true
equation governing the data. Bias can arise from either oversmoothing or undersmoothing.
A criterion has been developed which selects a curve of minimum bias for improving the pre-
dictability of future data even if the true equation is unknown. The minimum-bias criterion
accepts that type of curve for which the ratio of over-all sum of squares of deviations to subset
sum of squares of deviations is a minimum.

I. Purpose and Nature of Curve-Fitting

THE purpose of curve-fitting is assumed to be the summar-
izing of experimental evidence for making predictions with

regard to future data. Although this purpose has been
clearly stated in the past,1'2 the literature of the subject re-
veals little evidence of the explicit use of predictive ability as
a criterion of curve-fitting.

The two kinds of prediction possible through curve-fitting,
in order of rapidly decreasing accuracy, are 1) interpolation,
or prediction of the dependent variable within the range of
observed values of the independent variable and 2) extrapola-
tion, or prediction of the dependent variable beyond the range
of observed values of the independent variable.

Of course, all predictions at best have only a formal,
ceteris-paribus validity; that is, all conditions, deterministic
as well as probabilistic, must prevail in the future.

Two distinct but interdependent steps in the curve-fitting
process determine how well its predictive purpose is realized.
These steps are 1) selection of the type of curve to be fitted
and 2) evaluation of the constants of the curve.

The two steps are mutually complementary since each satis-
fies requirements that the other is unable to fulfill. Both
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must always be done with care. If one is slighted, no amount
of meticulous attention to the other can compensate for the
neglect. Moreover, execution of these steps should be pre-
ceded by a critical review of the data for the purpose of deter-
mining whether a curve fitted to them can serve the intended
use.

Regardless of the functional relation that it represents, a
curve fitted to data can be thought of as simple or complicated,
depending on the number of constants that must be evaluated
for defining it. The greater the number of constants, the
more closely will the curve follow the experimental data.
The suitability of a particular curve, however, is always de-
pendent upon the amount of real random fluctuation present
in the data.

If the selected curve is too simple, there will be large
deviations between the curve and the data; consequently,
excellent data may look bad. Conversely, if the curve is too
complicated, it will follow closely not only the true variation
of the data, but the random fluctuation as well, producing
thereby a false impression of high accuracy.

Figures 1 and 2 illustrate how an arbitrary choice of the
type of curve in place of the proper one of Fig. 3 can mis-
represent the data through either oversmoothing or under-
smoothing. Oversmoothing means that some deterministic
variation has been regarded as random variation and dis-
carded. Undersmoothing means that some random variation
has been regarded as deterministic and has been retained.

It is unfortunate that the phrase "best fit" is commonly
used to describe various functional approximations without
adequate attention to the criteria upon which the so-called
best fit is based. Perhaps the most insidious is the Tscheby-
cheff method of fitting polynomials, which is superficially
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Fig. 1 Bias due to oversmoothing. Fig. 3 Curve fitted with, minimum bias.

appealing but often disappointing or even misleading. In
this method the criterion of curve-fit is stated as the achieve-
ment of a minimum value for the maximum deviation.3 It is
often not realized that the criterion is met by tacitly assuming
that the deviations of the data about the chosen curve type are
sinusoidal. As a consequence of this assumption, successive
deviations acquire opposite signs and all have the maximum
magnitude.

Since deviations of empirical data from an appropriate
approximating curve are random and not systematically
sinusoidal, Tschebycheff polynomials are inherently not well
suited for expressing experimental results. The hopefully
minimized maximum deviations are associated with all ob-
servations and may be very large indeed. At the same time,
the approximating function usually has such large fluctuation
that numerical differentiation is ruled out. Tschebycheff
polynomials have utility in the generation of approximations
to theoretically error-free functions when it is desired to keep
the approximation error within definite bounds. This, how-
ever, is not the same as the problem being considered here,
namely: the fitting of a curve to experimental data subject
to random error. The least-squares criterion of curve-fit is
more fundamentally based on statistical principles and, there-
fore, much better suited for the present purpose.

II. Shortcomings of the F-Test of Significance
as Criterion for Curve Selection

It is possible to consider conventional statistical tests of
significance as criteria for the selection of a curve for repre-
senting data. Use of the F, or variance-ratio, test is the one
commonly encountered in the literature, and usually in con-
nection with the fitting of orthogonal polynomials.

It is noteworthy that although Sir Ronald A. Fisher,4 the
leader in the development of methods of statistical estima-
tion, originated both the variance-ratio test and convenient
methods of evaluating orthogonal polynomials, he refrained
from using the former for selecting the degree of the latter.

Guest2 and Snedecor5 illustrate the sequential use of the F-
test as orthogonal polynomials of successively higher degree

Fig. 2 Bias due to under smoothing.

are fitted to the same data. In particular, they consider the
ratio of reduction in variance to residual variance for each
increase of degree of polynomial, but do not call attention to
the shortcomings of this procedure. Snedecor,5 however,
reveals his distrust of the method when in an illustrative
example he discards the criterion's indication of a cubic in
favor of a subjective preference for a fourth-degree poly-
nomial.

First of all, it is a necessary condition of tests of significance
that the rejection-acceptance boundary be fixed in advance of
testing. Ex post facto setting of significance levels for
decision is a form of Monday-morning-quarterbacking which
is not readily defensible.

Another difficulty arises if there is a gap in the series of
polynomial terms expressing the mathematical law underlying
the data. If, for instance, the term of power n is missing, it
may be erroneously decided that n — 1 is the highest degree
of importance whereas n + 1, n + 2, . . . n -\- i, may also be
important.

Furthermore, the distribution of the ^-statistic was de-
rived for normally-distributed random deviations. If a
polynomial of degree n is fitted to data really depending on a
polynomial of a higher degree ra, the disparity between the
two is far from being either normal or random.

Finally, even when the deviations are random and normal,
available tabulations of the distribution of the F-statistic
apply to one test only, not to a sequence of tests for the pur-
pose of locating an extremal probability. Only very limited
tables are available for the latter case6 and these are inade-
quate for the present purpose.

III. Almost Indispensible Criterion

Although there are borderline cases, two major categories of
curve-fitting problems can be named: cases in which the law
of nature is known and those in which it is not.

As an assurance of predictability of future data, there is no
substitute for knowledge of the laws of nature underlying an
observed phenomenon.7 Working from fundamentals, it is
often possible to derive the general form of the equation to be
taken as a mathematical model of exprimental observations.

All known effects involved in a phenomenon need not be
explicably represented if only the over-all result is the one of
interest. In approximate models, complex second-order
effects can be merged advantageously with simpler major
effects. For example, Newton's law of cooling is a good linear
approximation of the effects of thermal conduction, radiation,
and convection for moderate temperatures and ranges, al-
though radiative heat transfer follows a fourth-power law and
no simple general relation is available for convection.

A check of relevant literature can aid in establishing reason-
able lower and upper limits on the functional complexity
needed for representing the data. The minimum require-
ments for even a rough model is that it shall be able to provide
the correct sign and order of magnitude of the dependent
variable and its derivatives of interest over the range of in-



AUGUST 1970 CUITEHIA FOR SELECTING CURVES FOR FITTING TO DATA 1413

terest of the independent variable and often, when the latter
becomes zero and ± infinity.

Many mechanical systems operate under conditions of
approximately constant acceleration; thus a polynomial of
second degree in time may be adequate representation of
displacement. A system with aperiodic acceleration may not
need representation by a polynomial of much higher degree,
since friction and deformation can severely limit response in a
real system.

Data dependent on areas and volumes can obviously be
represented by quadratic and cubic functions of linear dimen-
sions. Recent experiences in the use of cubic spline curves
for data representation indicates the frequent utility and ade-
quacy of this class of simple functions.8

Because of their simplicity and versatility, polynomials are
the representations of choice for mathematical models when-
ever possible.9-10 Nevertheless, there are many instances
where polynomial representations are so inappropriate as to be
grossly inaccurate and misleading. If the data exhibit reg-
ular periodicities that are to be represented, a Fourier series
may be more suitable than a polynomial. A polynomial hav-
ing alternate positive and negative coefficients for successive
terms of odd or even power is open to suspicion on two points.
The data may be periodic and should be so represented, and
the alternating signs can give unreliable evaluations if there
are small differences of large quantities. If the data pertain
to a growth process or a biological cause-effect relationship,
an exponential or logarithmic representation is usually pref-
erable to polynomial.11"13 The same holds true for data
arising from counting processes of any sort.14

The ultimate use that will be made of the fitted curve needs
to be considered in the selection of the curve type. If the
curve is to be integrated, reliability of the initial value may be
an overriding requirement. Differentiation always demands
that slopes be validly represented throughout the range of
data. Frequent evaluation of the fitted curve, as for inter-
polation, may emphasize computational ease. For extrap-
olation, observed data should span an abscissa range at least
as great, or preferably several times greater, than the extrap-
olated range and should have essentially uniform variance
about the fitted curve throughout its range. The uniformity
of variance is an indication that the ceteris paribus assump-
tion may be realized in the extrapolated range provided that
no discontinuities are encountered.

IV. Minimum Bias as a Criterion of Curve-Fit

Even if we are unwilling or unable to make use of the laws
of nature governing the data, the need to assure predictive
ability must still guide the choice of the curve.

It is not sufficient to minimize the effect of noise, or random
fluctuations, in the data. An important requirement is to
minimize the effect of bias, or systematic discrepancy between
the true and the assumed curve types. This requirement
exists even if the true curve type is unknown.

It is interesting to note that for the more difficult multi-
variable case, Box15 and Highleyman16 give criteria which
essentially depend on minimum bias for enhancing predict-
ability. Gadd and Wold17 have a similar measure for the
accuracy of forecasts.

The general approach taken here is to accept that type of
curve for data representation for which > residual deviations
show least bias. The minimum-bias criterion, therefore,
demands that deviations about the curve be as random as
possible. Accordingly, as much as possible of the systematic
variation of the data is accounted for by the deterministic
relationship expressed by the equation of the curve.

Application of the minimum-bias criterion requires the
testing of a number of candidate curve types so that the most
suitable one may be selected. Although a closed-form solu-
tion is not available, various algorithms can be devised for
carrying out the search for a curve of minimum bias. Among
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Fig. 4 Test of zero-degree polynomial.

equally valid algorithms, preference should rest on a computa-
tional strategy that can lead efficiently to a curve of an
acceptably small bias in a particular data-processing situation.

At this stage of development of the minimum-bias criterion,
it is intended only as a decision-making aid for identifying the
most suitable curve without attempting to evaluate relative
probabilities of suitability of the various curves considered.

When large volumes of data are handled in a highly
automated manner, the sum-of-squares ratio form of the
minimum-bias criterion is suitable.

As is customary in discussions of curve-fitting, only a unique
sampling of a single-valued function of one uniformly and
finitely changing variable is taken up explicitly. The com-
ments and criteria presented can be extended to several vari-
ables, and continuous, irregular, or multiple sampling.

V. Sum-of-Squares Ratio Form
of Minimum-Bias Criterion

To use the sum-of-squares ratio minimum-bias criterion, the
data are divided into two subsets, each containing as close to
one-half of the values of the independent variable as possible.
The same type of curve is fitted three times: once to all of the
data and then individually to each of the two subsets. The
sums of squares of deviations resulting from these operations
reveal the relative bias inherent in the use of the type of
curve under test.

The rationale of this criterion is as follows. Residual
deviation after curve-fitting are due to two components: sys-
tematic discrepancy, or bias, between the assumed and the
real functional relations, and random fluctuation of data values
about the real function. The effect of bias increases with the
amount of data; thus, it is greater when a curve is fitted to
all of the data than when a curve of the same form is fitted
separately to the two subsets of data. Conversely, the effect
of random fluctuations is independent of the amount of data.

Let 2N or 2N + 1 be the total number of data points in the
data space. Divide the data space into two non-overlapping
subsets of N or N + 1 consecutive points. Let C be the
number of constants to be evaluated for an equation under
test; for example if the equation is a polynomial of degree E,
C = R + I- During the testing process, equations with
progressively larger numbers of constants are investigated, but
not morethan TV-1.

Fit a curve of given type to the data space. Let S' be the
sum of squares of data deviations about the curve. Next fit
the same given type of curve to each of the data subsets
individually. Let S" be the sum of squares of deviations of
data in both subsets about their respective curves. Finally,
take the ratio B of the over-all sum of squares of deviations to
the within-subset sum of squares of deviations,

B = S'/S"
as the measure of bias in the representation of the data by the
curve under test. > ;



1414 f. J. DYLEWSKI AIAA JOURNAL

I I I I I I I I
0 1 2 3 4 5 6 7 8 9 1 0 1 1 1 2

Fig. 5 Test of first-degree polynomial.
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Fig. 7 Test of third-degree polynomial.

Even when random fluctuation is small, S' will be large com-
pared to S" for an unsuitable type of curve. Regardless of
the amount of random fluctuation present in the data, S' will
approach S" for a curve of suitable type and the ratio S'/S"
will tend to the value of 1.

In the evaluation of B, two circumstances potentially ca-
pable of producing ambiguities must be provided for. In the
first place, all data have finite precision. It is essential, there-
fore, to limit the number of significant figures in $', S", and B
in accordance with the precision of the original data.

Secondly, in the unlikely case of the perfect curve fit, S' =
S" = 0 and the value of S'/S", is indeterminate. In order to
circumvent this difficulty, add the same small quantity d to
both S' and $". Chose d to be of the order of 2A/"g2, where q
is the value of the least significant digit in the data.
Bf.The B parameter can be used in several ways for selecting
a suitable type, for example: 1) of several curves, choose the
one for which B is a minimum, 2) choose the first encountered
curve for which B is less than k, where k is some preassigned
number greater than 1, and 3) choose the simplest curve (one
with fewest constants) for which B is less than k.

VI. Illustrative Example of the Use of the
Sum-of-Squares Ratio Form of the

Minimum-Bias Criterion

Figures 4-8 present graphically the operations constituting
the application of the criterion of minimum bias to curve
fitting. In each of the figures, the same data are plotted as
dots. It is desired to test polynomials of successively higher
degree in order to identify that degree for which the fit is most
nearly unbiased over the range of the independent variable.
Here 2N = 12, therefore, polynomials of degree 0-4 can be
tested.

In testing each degree, a polynomial of that degree is fitted
to all twelve points; then, individual polynomials are fitted
to the points in each of the two subsets. The polynomial
fitted to all the data is plotted as a broken line and is called
the over-all regression curve. The polynomials fitted

separately to data within the subsets are plotted as solid lines
and are called subset-regression curves.

The data space chosen for the example exhibits perfect odd-
order symmetry, that is, f(x) — f(x — k) = f(x + k) — f (x).
Thus, polynomial over-all regression curves have no even-
order terms above the zero order. This choice of data was
made since it appears to clarify the example without restrict-
ing its validity.

The values of the B parameter obtained for the five poly-
nomials tested are listed in Table 1.

The cubic equation exhibits a minimum sum-of-squares
ratio, but one not much different from that of its nearest
rival. Accordingly, the cubic is to be preferred for represent-
ing the data in this example, but the linear equation might be
given consideration if simplicity is important.

VII. Conclusion

The minimum-bias criterion is free from the shortcomings
of conventional tests of significance used as curve-selection
criteria.

It has at least these six additional advantages.
1) The user is not required to select a level of significance.

The arbitrary nature of this selection is an unsatisfactory
aspect of most conventional statistical tests, and especially
those associated with curve-fitting.

2) Comparisons can be made of the relative quality of
fit of entirely different types of curves, for example, log-
arithmic versus polynomial.

3) Comparisons can be made of the relative suitability of
different methods of curve-fitting, such as least-squares,
Tschebycheff, and average.

4) Curve-fitting theory calls attention to the possibility
of improving the quality of fit by assigning weights to data
on the basis of local variance.2 Nevertheless, data are rarely
weighted for curve-fitting because of the added complication.
Since variance is more nearly uniform for a curve identified by
a minimum value of the B-ratio of the order of unity, the need
for weighting of data is much decreased.
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Fig. 6 Test of second-degree polynomial.
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Fig. 8 Test of fourth-degree polynomial.



AUGUST 1970 CRITERIA FOR SELECTING CURVES FOR FITTING TO DATA 1415

Table 1 Bias parameter for test cases

Degree of polynomial B

6.31
1.58
1.95
1.43
9.19

5) If, as the number of constants in a given form of
equation is increased, the J5-ratio approaches a minimum of
the order of unity slowly, investigation of a different form of
curve may be indicated; for instance, exponential rather than
polynomial.

6) If fine detail in a theoretically correct representation of
data is masked by large random errors, the minimum-bias
criterion properly accepts as preferable a simpler curve which
is adequate for representing the low-grade data.
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